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Introduction

Definition

A (proper) k-coloring ¢ of G is a map from V to [k] := {1,2,..., k} such
that adjacent vertices receive different colors.

Xujun Liu (XJTLU) Packing (1,1, 2, 2, 3)-coloring June 28, 2024



Introduction

Definition

A (proper) k-coloring ¢ of G is a map from V to [k] := {1,2,..., k} such
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The chromatic number of G is the smallest integer k such that G can be
properly k-colored.
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Frequency Assignment Problem

e Imagine there are many broadcast stations in an area and we would like
to assign each station a frequency.
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e Imagine there are many broadcast stations in an area and we would like
to assign each station a frequency.

e We only have a few frequencies available and stations assigned with the
same frequency are required to be apart by a certain amount of distance.
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Frequency Assignment Problem

e Imagine there are many broadcast stations in an area and we would like
to assign each station a frequency.

e We only have a few frequencies available and stations assigned with the
same frequency are required to be apart by a certain amount of distance.
e Each frequency requires a different smallest distance.

e What is the minimum number of frequencies needed?
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Introduction to packing chromatic number

Extending the definition of independent set, we define i-independence.
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Introduction to packing chromatic number

Extending the definition of independent set, we define i-independence.

Definition (i-independence)

For a positive integer i, a set S of vertices in a graph G is i-independent
if the distance in G between any two distinct vertices of S is at least i + 1.
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Introduction to packing chromatic number

Extending the definition of independent set, we define i-independence.

Definition (i-independence)

For a positive integer i, a set S of vertices in a graph G is i-independent
if the distance in G between any two distinct vertices of S is at least i + 1.

Figure: 1-independent and 2-independent set.
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Introduction to packing chromatic number

A proper k-coloring of a graph G is a partition of V(G) into sets
Vi, ..., Vi such that for each 1 < i < k, the set V; is independent.
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A proper k-coloring of a graph G is a partition of V(G) into sets
Vi, ..., Vi such that for each 1 < i < k, the set V; is independent.

A packing k-coloring of a graph G is a partition of V(G) into sets
Vi, ..., Vi such that for each 1 </ < k, the set V; is i-independent.

The packing chromatic number, x,(G), of a graph G, is the minimum
k such that G has a packing k-coloring.
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Introduction to packing chromatic number

A proper k-coloring of a graph G is a partition of V(G) into sets
Vi, ..., Vi such that for each 1 < i < k, the set V; is independent.

A packing k-coloring of a graph G is a partition of V(G) into sets
Vi, ..., Vi such that for each 1 </ < k, the set V; is i-independent.

The packing chromatic number, x,(G), of a graph G, is the minimum
k such that G has a packing k-coloring.

XP(C4k) = 3.
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Xp(C4k) <3.
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Xp(C4k) <3.

Figure: Upper bound.
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Xp(C4k) > 3.
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Example

Xp(C4k) > 3.

Figure: Lower bound.
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Introduction to packing chromatic number

Introduced by Goddard, S.M. Hedetniemi, S.T. Hedetniemi, Harris,
and Rall in 2008 (under the name broadcast coloring) motivated by
frequency assignment problems in broadcast networks.
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Introduced by Goddard, S.M. Hedetniemi, S.T. Hedetniemi, Harris,
and Rall in 2008 (under the name broadcast coloring) motivated by
frequency assignment problems in broadcast networks.

Fiala and Golovach (2010): Finding the packing chromatic number of a
graph is NP-hard even in the class of trees.
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and Rall in 2008 (under the name broadcast coloring) motivated by
frequency assignment problems in broadcast networks.

Fiala and Golovach (2010): Finding the packing chromatic number of a
graph is NP-hard even in the class of trees.

Sloper (2004): The infinite complete ternary tree T (every vertex has 3
child vertices, A(T) < 4) has packing chromatic number equal to infinity.
Any tree T with A(T) < 3 has packing chromatic number at most 7.
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Introduction to packing chromatic number

Introduced by Goddard, S.M. Hedetniemi, S.T. Hedetniemi, Harris,
and Rall in 2008 (under the name broadcast coloring) motivated by
frequency assignment problems in broadcast networks.

Fiala and Golovach (2010): Finding the packing chromatic number of a
graph is NP-hard even in the class of trees.

Sloper (2004): The infinite complete ternary tree T (every vertex has 3
child vertices, A(T) < 4) has packing chromatic number equal to infinity.
Any tree T with A(T) < 3 has packing chromatic number at most 7.

Goddard et al. (2008): Is it true that the packing chromatic number of
all subcubic graphs is bounded by a constant?
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Introduction to packing chromatic number

Gastineau and Togni (2016): There is a cubic graph G such that
Xp(G) = 13 (by construction). They also asked whether 13 is the upper
bound in the class of cubic graphs.
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Gastineau and Togni (2016): There is a cubic graph G such that
Xp(G) = 13 (by construction). They also asked whether 13 is the upper
bound in the class of cubic graphs.

Bre3ar, Klavzar, Rall, and Wash (2017): There is a cubic graph G’
such that x,(G") = 14 (by construction). They also wrote: ‘One of the
intriguing problems related to the packing chromatic number is whether it
is bounded by a constant in the class of all cubic graphs’.
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Introduction to packing chromatic number

Gastineau and Togni (2016): There is a cubic graph G such that
Xp(G) = 13 (by construction). They also asked whether 13 is the upper
bound in the class of cubic graphs.

Bre3ar, Klavzar, Rall, and Wash (2017): There is a cubic graph G’
such that x,(G") = 14 (by construction). They also wrote: ‘One of the
intriguing problems related to the packing chromatic number is whether it
is bounded by a constant in the class of all cubic graphs’.

Gastineau and Togni (2016): Is it true that the packing chromatic
number of the 1-subdivision of a cubic graph is upper bounded by 57

For a graph G, let D(G) denote the graph obtained from G by subdividing
every edge exactly once (replacing each edge by a path of two edges).
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Introduction to packing chromatic number

Gastineau and Togni (2016): There is a cubic graph G such that
Xp(G) = 13 (by construction). They also asked whether 13 is the upper
bound in the class of cubic graphs.

Bre3ar, Klavzar, Rall, and Wash (2017): There is a cubic graph G’
such that x,(G") = 14 (by construction). They also wrote: ‘One of the
intriguing problems related to the packing chromatic number is whether it
is bounded by a constant in the class of all cubic graphs’.

Gastineau and Togni (2016): Is it true that the packing chromatic
number of the 1-subdivision of a cubic graph is upper bounded by 57

For a graph G, let D(G) denote the graph obtained from G by subdividing
every edge exactly once (replacing each edge by a path of two edges).

Conjecture (Bre¥ar, Klavzar, Rall, and Wash, 2017)

If G is a subcubic graph, then x,(D(G)) < 5.
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Introduction to packing chromatic number

There are cubic graphs with arbitrarily large packing chromatic number.
Furthermore, 'many’ cubic graphs have 'high' packing chromatic number:

Theorem (Balogh, Kostochka, L., 2018)

For each fixed integer k > 12 and g > 2k + 2, almost every n-vertex cubic
graph of girth at least g has the packing chromatic number greater than k.
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Introduction to packing chromatic number

There are cubic graphs with arbitrarily large packing chromatic number.
Furthermore, 'many’ cubic graphs have 'high' packing chromatic number:

Theorem (Balogh, Kostochka, L., 2018)

For each fixed integer k > 12 and g > 2k + 2, almost every n-vertex cubic
graph of girth at least g has the packing chromatic number greater than k.

In contrast, x,(D(G)) is bounded for subcubic graphs G: x,(D(G)) is
bounded by 8 in this class.

Theorem (Balogh, Kostochka, L., 2019)

For every connected subcubic graph G, graph D(G) has a packing
8-coloring such that color 8 is used at most once.
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Introduction to packing chromatic number

The Conjecture of Bresar et al has been confirmed for many subclasses of
subcubic graphs.
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Introduction to packing chromatic number

The Conjecture of Bresar et al has been confirmed for many subclasses of
subcubic graphs.

e Bredar, Klavzar, Rall, and Wash showed for generalized prism of cycle.

e Liu, L., Rolek, Yu proved for subcubic graphs with maximum average

degree less than %, which implies the conjecture holds for subcubic planar

graphs with girth at least 8.
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Introduction to packing chromatic number

The Conjecture of Bresar et al has been confirmed for many subclasses of
subcubic graphs.

e Bredar, Klavzar, Rall, and Wash showed for generalized prism of cycle.

e Liu, L., Rolek, Yu proved for subcubic graphs with maximum average
degree less than %, which implies the conjecture holds for subcubic planar

graphs with girth at least 8.
e Kostochka and L. confirmed for subcubic outerplaner graphs.

e Mortada and Togni showed for subcubic 3-saturated graph that has no
adjacent heavy vertices (whose neighbours are all 3-vertices).
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Our main result

Definition

Given a non-decreasing sequence S = (si, ..., k) of positive integers, an
packing S-coloring of a graph G is a partition of V/(G) into disjoint sets
Vi, ..., Vi such that for each 1 < i < k the distance between any two
distinct vertices u, v € V; is at least s; + 1.
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Our main result

Definition

Given a non-decreasing sequence S = (si, ..., k) of positive integers, an
packing S-coloring of a graph G is a partition of V/(G) into disjoint sets
Vi, ..., Vi such that for each 1 < i < k the distance between any two
distinct vertices u, v € V; is at least s; + 1.

e Gastineau and Togni, 2016: Every subcubic graph has a packing
(1,1,2,2,2)-coloring and a packing (1,2,2,2,2,2,2)-coloring.
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Our main result

Definition

Given a non-decreasing sequence S = (si, ..., k) of positive integers, an
packing S-coloring of a graph G is a partition of V/(G) into disjoint sets
Vi, ..., Vi such that for each 1 < i < k the distance between any two
distinct vertices u, v € V; is at least s; + 1.

e Gastineau and Togni, 2016: Every subcubic graph has a packing
(1,1,2,2,2)-coloring and a packing (1,2,2,2,2,2,2)-coloring.

Theorem (L., Zhang, Zhang, 2024+)

Every subcubic graph G has a packing (1,1,2,2,3)-coloring.
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Our main result

We showed every subcubic graph has a packing (1, 1,2, 2, 3)-coloring.

Theorem (L., Zhang, Zhang, 2024+)

Every subcubic graph G has a packing (1,1,2,2,3)-coloring.

Our result is sharp since the Petersen graph is subcubic and is not packing
(1,1,2,2)-colorable.
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Our main result

We showed every subcubic graph has a packing (1, 1,2, 2, 3)-coloring.
Theorem (L., Zhang, Zhang, 2024+)

Every subcubic graph G has a packing (1,1,2,2,3)-coloring.

Our result is sharp since the Petersen graph is subcubic and is not packing
(1,1,2,2)-colorable.

Proposition (Gastineau and Togni, 2016)

Let G be a graph and (si,...,sk) be a sequence of non-decreasing
positive integers. If G is packing (si, ..., sk)-colorable, then D(G) is
packing (1,2s1 +1,...,2s, + 1)-colorable.
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Our main result

We showed every subcubic graph has a packing (1, 1,2, 2, 3)-coloring.

Theorem (L., Zhang, Zhang, 2024+)

Every subcubic graph G has a packing (1,1,2,2,3)-coloring.

Our result is sharp since the Petersen graph is subcubic and is not packing
(1,1,2,2)-colorable.

Proposition (Gastineau and Togni, 2016)

Let G be a graph and (si,...,sk) be a sequence of non-decreasing
positive integers. If G is packing (si, ..., sk)-colorable, then D(G) is
packing (1,2s1 +1,...,2s, + 1)-colorable.

.

Corollary (L., Zhang, Zhang, 2024+)

The 1-subdivision of a subcubic graph G has packing chromatic number at
most 6.
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Proof Sketch

Take two disjoint independent sets /; and /> such that

|li| + | k2| is maximum among all choices of /1, b. (1)
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Proof Sketch

Take two disjoint independent sets /; and /> such that
|li| + | k2| is maximum among all choices of /1, b. (1)
Subject to Condition 1, we further take /1, /b such that

the number of connected components in G — l; — k is minimum.  (2)
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Proof Sketch

Take two disjoint independent sets /; and /> such that
|li| + | k2| is maximum among all choices of /1, b. (1)
Subject to Condition 1, we further take /1, /b such that

the number of connected components in G — l; — k is minimum.  (2)

Define the graph Hj, ;, to be the graph H with V(H) = V(G) —hL — b
and E(H) = {V1V2 | dG(Vl, V2) <2,vi,wm € V(H)}
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Proof Sketch

Take two disjoint independent sets /; and /> such that
|li| + | k2| is maximum among all choices of /1, b. (1)
Subject to Condition 1, we further take /1, /b such that

the number of connected components in G — l; — k is minimum.  (2)

Define the graph Hj, ;, to be the graph H with V(H) = V(G) —hL — b
and E(H) = {V1V2 | dG(Vl, V2) <2,vi,wm € V(H)}

We are able to show each component of H is either a tree, an even cycle,
or an odd cycle.
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Proof Sketch

Take two disjoint independent sets /; and /> such that
|li| + | k2| is maximum among all choices of /1, b. (1)
Subject to Condition 1, we further take /1, /b such that

the number of connected components in G — l; — k is minimum.  (2)

Define the graph Hj, ;, to be the graph H with V(H) = V(G) —hL — b
and E(H) = {V1V2 | dG(Vl, V2) <2,vi,wm € V(H)}

We are able to show each component of H is either a tree, an even cycle,
or an odd cycle. We only need to analyse the case of an odd cycle to avoid
“3-3 conflicts”.
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Proof Sket

Denote G' = G[G — I, — k] and call it the ‘red’ graph. Call vertices in
l1 U b ‘black’ vertices.
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Proof Sketch

Denote G' = G[G — I, — k] and call it the ‘red’ graph. Call vertices in
l1 U b ‘black’ vertices.

A(G') < 1. \
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Proof Sketch

Denote G' = G[G — I, — k] and call it the ‘red’ graph. Call vertices in
l1 U b ‘black’ vertices.

A(G') < 1. \
A connected component in G’ is either a Py or a P5. \
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Proof Sketch

Denote G' = G[G — I, — k] and call it the ‘red’ graph. Call vertices in
l1 U b ‘black’ vertices.

A(G') < 1. \

A connected component in G’ is either a Py or a P5.

At most one P, can be included in a connected component of H.

e Two red Py's cannot be connected by a black vertex.
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Proof Sk

e Configuration C; must be alone.
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Proof Sketch

e Configuration C; must be alone. There is no configuration G,.

Uy Us

Ug Us

Figure: Configurations C; and G,.
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Sketch of Proof

A(H) < 3. Only one case for A(H) = 3.

e (1) Tree; (2) Even cycle; (3) Odd cycle; (4)Even cycle plus a leaf; (5)
Odd cycle plus a leaf.

e We show (4) and (5) are not possible.

Each component of H is not isomorphic to a cycle with one vertex
adjacent to a leaf.
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Proof Sketch

e Only need to consider the 3-3 conflicts on two cases of (3).

Figure: Cases 1 and 2.
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Every subcubic graph except the Petersen graph is packing
(1,1,2,2)-colorable.
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Outline

e Packing edge colorings

Xujun Liu (XJTLU) Packing (1,1, 2, 2, 3)-coloring June 28, 2024



Review for edge coloring

Xujun Liu (XJTLU) Packing (1,1, 2, 2, 3)-coloring June 28, 2024



Review for edge coloring

Definition
An edge coloring of a graph G = (V,E)isamap f: E — C, where Cis a
set of colors, such that for all e;, e € E, if e; and e> share an endpoint,

then f(e1) # f(e2).

June 28, 2024
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Review for edge coloring

Definition

An edge coloring of a graph G = (V,E)isamap f: E — C, where Cis a
set of colors, such that for all e;, e € E, if e; and e> share an endpoint,
then f(e1) # f(e2).

Definition
The minimum number of colors needed for a proper edge coloring is called
the chromatic index of G, and is denoted by x/(G).

A\
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Review for edge coloring

Definition
An edge coloring of a graph G = (V,E)isamap f: E — C, where Cis a

set of colors, such that for all e;, e € E, if e; and e> share an endpoint,
then f(e1) # f(e2).

Definition

| A\

The minimum number of colors needed for a proper edge coloring is called
the chromatic index of G, and is denoted by x/(G).

i

Theorem (Vizing, 1964)
For a simple graph G, A(G) < X'(G) < A(G) + 1.
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Review for edge coloring

Definition
An edge coloring of a graph G = (V,E)isamap f: E — C, where Cis a
set of colors, such that for all e;, e € E, if e; and e> share an endpoint,

then f(e1) # f(e2).

Definition
The minimum number of colors needed for a proper edge coloring is called
the chromatic index of G, and is denoted by x/(G).

| A\

i

Theorem (Vizing, 1964)
For a simple graph G, A(G) < X'(G) < A(G) + 1.

Class I: Graphs G with x/(G) = A(G).
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Review for edge coloring

Definition
An edge coloring of a graph G = (V,E)isamap f: E — C, where Cis a

set of colors, such that for all e;, e € E, if e; and e> share an endpoint,
then f(e1) # f(e2).

Definition

| A\

The minimum number of colors needed for a proper edge coloring is called
the chromatic index of G, and is denoted by x/(G).

v

Theorem (Vizing, 1964)
For a simple graph G, A(G) < X'(G) < A(G) + 1.

Class I: Graphs G with x/(G) = A(G).
Class II: Graphs G with X'(G) = A(G) + 1.
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Introduction to packing edge coloring
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Introduction to packing edge coloring

Definition

Given a non-decreasing sequence S = (si, ..., k) of positive integers, an
S-packing edge-coloring of a graph G is a decomposition of the edge set
of G into disjoint sets Ei, ..., Ex such that for each 1 </ < k the
distance between any two distinct edges e1, ex € E; is at least s; + 1.
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Introduction to packing edge coloring

Definition

Given a non-decreasing sequence S = (si, ..., k) of positive integers, an
S-packing edge-coloring of a graph G is a decomposition of the edge set
of G into disjoint sets Ei, ..., Ex such that for each 1 </ < k the
distance between any two distinct edges e1, ex € E; is at least s; + 1.

e First generalized by Gastineau and Togni from its vertex counterpart.
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S-packing edge-coloring of a graph G is a decomposition of the edge set
of G into disjoint sets Ei, ..., Ex such that for each 1 </ < k the
distance between any two distinct edges e1, ex € E; is at least s; + 1.

e First generalized by Gastineau and Togni from its vertex counterpart.

The (1,...,1)-packing edge coloring is our usual proper edge coloring.
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Introduction to packing edge coloring

Definition

Given a non-decreasing sequence S = (si, ..., k) of positive integers, an
S-packing edge-coloring of a graph G is a decomposition of the edge set
of G into disjoint sets Ei, ..., Ex such that for each 1 </ < k the
distance between any two distinct edges e1, ex € E; is at least s; + 1.

e First generalized by Gastineau and Togni from its vertex counterpart.

The (1,...,1)-packing edge coloring is our usual proper edge coloring.

A subcubic graph G with A(G) = 3 either has a (1,1, 1)-packing
edge-coloring or a (1,1, 1, 1)-packing ((1#)-packing) edge-coloring.
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Previous results on strong edge coloring

The (2,...,2)-packing edge-coloring is the strong edge coloring.
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Previous results on strong edge coloring

The (2,...,2)-packing edge-coloring is the strong edge coloring.

e Introduced by Fouquet and Jolivet on 1983.
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Previous results on strong edge coloring

The (2,...,2)-packing edge-coloring is the strong edge coloring.

e Introduced by Fouquet and Jolivet on 1983.

e The strong chromatic index, x%(G), of a graph G is the minimum
positive integer k such that G has a (2,...,2)-packing edge-coloring,
where the number of 2-color in the sequence is k.
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Previous results on strong edge coloring

The (2,...,2)-packing edge-coloring is the strong edge coloring.

e Introduced by Fouquet and Jolivet on 1983.

e The strong chromatic index, x%(G), of a graph G is the minimum
positive integer k such that G has a (2,...,2)-packing edge-coloring,
where the number of 2-color in the sequence is k.

Conjecture (Erdds and NeZet¥il, 1989)

The upper bound for the strong chromatic index of a graph with maximum
degree A is %A2 when A is even and %A2 = %A 4 le when A is odd.
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).

For general graph, greedy algorithm = \.(G) <2A(A —1)+ 1.
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).
For general graph, greedy algorithm = \.(G) <2A(A —1)+ 1.
For graphs with large enough A, using the probabilistic methods:
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).
For general graph, greedy algorithm = \.(G) <2A(A —1)+ 1.

For graphs with large enough A, using the probabilistic methods:

e Molloy and Reed, 1997: x.(G) < 1.998A2.
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).
For general graph, greedy algorithm = \.(G) <2A(A —1)+ 1.

For graphs with large enough A, using the probabilistic methods:

e Molloy and Reed, 1997: x.(G) < 1.998A2.

e Bruhn and Joos, 2017: .(G) < 1.93A2,
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Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).
For general graph, greedy algorithm = \.(G) <2A(A —1)+ 1.

For graphs with large enough A, using the probabilistic methods:

e Molloy and Reed, 1997: x.(G) < 1.998A2.

e Bruhn and Joos, 2017: .(G) < 1.93A2,

e Bonamy, Perrett, and Postle, 2018: xL(G) < 1.835A2,

Xujun Liu (XJTLU) Packing (1,1, 2, 2, 3)-coloring June 28, 2024



Previous results on strong edge coloring

e Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every subcubic
graph G, x4(G) < 10 (has a (219)-packing edge-coloring).

e Huang, Santana, and Yu, 2018: For every graph G with A(G) < 4,
X+(G) < 21 (has a (22!)-packing edge-coloring).

e Kostochka, Li, Ruksasakchai, Santana, Wang, and Yu, 2016: For every
subcubic planar graph G, x4(G) < 9 (has a (2°)-packing edge-coloring).
For general graph, greedy algorithm = \.(G) <2A(A —1)+ 1.

For graphs with large enough A, using the probabilistic methods:

e Molloy and Reed, 1997: x.(G) < 1.998A2.

e Bruhn and Joos, 2017: .(G) < 1.93A2,

e Bonamy, Perrett, and Postle, 2018: xL(G) < 1.835A2,

e Hurley, de Joannis de Verclos, Kang, 2021: x.(G) < 1.772A2.
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Previous results on packing edge colorings

We focus on intermediate colorings between the proper edge coloring and
the strong edge coloring, i.e., the edge colorings with some edge classes
each being a matching and other classes each being an induced matching.
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Previous results on packing edge colorings

We focus on intermediate colorings between the proper edge coloring and
the strong edge coloring, i.e., the edge colorings with some edge classes
each being a matching and other classes each being an induced matching.

An immediate corollary can be obtained from the result “Every subcubic
graph has a (219)-packing edge-coloring” .
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Previous results on packing edge colorings

We focus on intermediate colorings between the proper edge coloring and
the strong edge coloring, i.e., the edge colorings with some edge classes
each being a matching and other classes each being an induced matching.

An immediate corollary can be obtained from the result “Every subcubic
graph has a (219)-packing edge-coloring” .

Every subcubic graph has a (1,2°)-packing edge-coloring.
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Previous results on packing edge colorings

Question (Gastineau and Togni, 2019)

Is it true that all cubic graphs are (1,2")-packing edge-colorable?
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Previous results on packing edge colorings

Question (Gastineau and Togni, 2019)

Is it true that all cubic graphs are (1,2")-packing edge-colorable?

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every subcubic graph has a (1,28)-packing edge-coloring.
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Previous results on packing edge colorings

Question (Gastineau and Togni, 2019)

Is it true that all cubic graphs are (1,2")-packing edge-colorable?

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every subcubic graph has a (1,28)-packing edge-coloring.

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every Class | subcubic graph has a (1,2")-packing edge-coloring.
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Previous results on packing edge colorings

Question (Gastineau and Togni, 2019)

Is it true that all cubic graphs are (1,2")-packing edge-colorable?

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every subcubic graph has a (1,28)-packing edge-coloring.

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every Class | subcubic graph has a (1,2")-packing edge-coloring.

Conjecture (Hocquard, Lajou, and LuZar, 2022)

Every subcubic graph has a (1,2")-packing edge-coloring.
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Previous results on packing edge colorings

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every subcubic graph has a (1,1,2°)-packing edge-coloring.
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Previous results on packing edge colorings

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every subcubic graph has a (1,1,2°)-packing edge-coloring.

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every Class | subcubic graph has a (1,1,2%)-packing edge-coloring.
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Previous results on packing edge colorings

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every subcubic graph has a (1,1,2°)-packing edge-coloring.

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every Class | subcubic graph has a (1,1,2%)-packing edge-coloring.

Conjecture (Gastineau and Togni, 2019; Hocquard et al, 2022)

Every subcubic graph G admits a (1, 1,2*)-packing edge-coloring.
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Our main results - result 1

Theorem (L., Santana, Short, 2023)

Every subcubic multigraph has a (1,27)-packing edge-coloring.
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Our main results - result 1

Theorem (L., Santana, Short, 2023)

Every subcubic multigraph has a (1,27)-packing edge-coloring.

Our result is sharp in the sense that there exists a subcubic graph with no
(1,2%)-packing edge-coloring.
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Our main results - result 1

Theorem (L., Santana, Short, 2023)

Every subcubic multigraph has a (1,27)-packing edge-coloring.

Our result is sharp in the sense that there exists a subcubic graph with no
(1,2%)-packing edge-coloring.

i 5

Figure: Sharpness example for our result.
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More on the sharpness example

e The largest size of a matching in the graph is three.
e The maximum size of an induced matching is one.

e There are 10 edges and therefore no (1,2°)-packing edge-coloring and
no (1,1,23)-packing edge-coloring.

Ty 5

Figure: Non-(1,2%)-packing and non-(1, 1,23)-packing edge-colorable.
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More on the sharpness example

e The largest size of a matching in the graph is three.
e The maximum size of an induced matching is one.

e There are 10 edges and therefore no (1,2°)-packing edge-coloring and
no (1,1,23)-packing edge-coloring.

Ty 5

Figure: Non-(1,2%)-packing and non-(1, 1,23)-packing edge-colorable.

e We can find a (1,27)-packing and a (1,1, 2*)-packing edge-coloring.
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Remark on the sharpness example

1. The sharpness example is not planar.
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Remark on the sharpness example

1. The sharpness example is not planar.

2. It is also the sharpness example for the Erd6és and Neset¥il Conjecture
when A = 3.

Figure: The sharpness example for the Erdés and NeSet¥il Conjecture.
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Our main results - result 2

Theorem (L. and Yu, 2024+)

Every connected subcubic graph (with more than 70 vertices) is
(1,1,2%)-packing edge-colorable.
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Our main results - result 2

Theorem (L. and Yu, 2024+)

Every connected subcubic graph (with more than 70 vertices) is
(1,1,2%)-packing edge-colorable.

£

Figure: Non-(1,25)-packing and non-(1, 1,2%)-packing edge-colorable.
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Interesting Fact

Sharp results of the (1%, 2%)-packing edge-coloring for subcubic graph:
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Interesting Fact

Sharp results of the (1%, 2%)-packing edge-coloring for subcubic graph:

@ Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every
subcubic graph G, it has a (219)-packing edge-coloring.
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Interesting Fact

Sharp results of the (1%, 2%)-packing edge-coloring for subcubic graph:

@ Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every
subcubic graph G, it has a (219)-packing edge-coloring.

@ L., Santana, and Short in 2023: Every subcubic graph G has a
(1,27)-packing edge-coloring.
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Interesting Fact

Sharp results of the (1%, 2%)-packing edge-coloring for subcubic graph:

@ Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every
subcubic graph G, it has a (219)-packing edge-coloring.

@ L., Santana, and Short in 2023: Every subcubic graph G has a
(1,27)-packing edge-coloring.

e L. and Yu, 2024+: Every connected subcubic graph G (with more
than 70 vertices) has a (1,1,2%)-packing edge-coloring.
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Interesting Fact

Sharp results of the (1%, 2%)-packing edge-coloring for subcubic graph:

@ Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every
subcubic graph G, it has a (219)-packing edge-coloring.

@ L., Santana, and Short in 2023: Every subcubic graph G has a
(1,27)-packing edge-coloring.

e L. and Yu, 2024+: Every connected subcubic graph G (with more
than 70 vertices) has a (1,1,2%)-packing edge-coloring.

@ Payan in 1977; Fouquet and Vanherpe in 2013: Every subcubic graph
has a (1,1, 1, 2)-packing edge-coloring.
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Interesting Fact

Sharp results of the (1%, 2%)-packing edge-coloring for subcubic graph:

@ Andersen in 1992; Hordk, Qing, and Trotter in 1993: For every
subcubic graph G, it has a (219)-packing edge-coloring.

@ L., Santana, and Short in 2023: Every subcubic graph G has a
(1,27)-packing edge-coloring.

e L. and Yu, 2024+: Every connected subcubic graph G (with more
than 70 vertices) has a (1,1,2%)-packing edge-coloring.

@ Payan in 1977; Fouquet and Vanherpe in 2013: Every subcubic graph
has a (1,1, 1, 2)-packing edge-coloring.

e Three "2"s trade for one “1" for subcubic graphs.
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Theorem (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2")-packing edge-coloring.
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Theorem (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2")-packing edge-coloring.

Conjecture (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2°)-packing edge-coloring.
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Theorem (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2")-packing edge-coloring.

Conjecture (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2°)-packing edge-coloring.

Theorem (Hocquard, Lajou, and Luzar, 2022)

Every Class | subcubic graph has a (1,1,2%)-packing edge-coloring.
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Theorem (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2")-packing edge-coloring.

Conjecture (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1,2°)-packing edge-coloring.

Theorem (Hocquard, Lajou, and Luzar, 2022)
Every Class | subcubic graph has a (1,1,2%)-packing edge-coloring.

Conjecture (Hocquard, Lajou, and LuZar, 2022)

Every Class | subcubic graph has a (1, 1,23)-packing edge-coloring.
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Thank you for listening!
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